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Abstract: According to Enestrom and Kakeya theorem “all the zeros of a polynomial f(z) = Y% k;z*
with real coefficient liein |z]| <1 if 0<ky <k, <k, <<k, 1 <k,” see[5, 11]. This article provides
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1. INTRODUCTION

Let D,f(z) =nf(z) + (e« — z)f'(z) denote the polar derivative of a polynomial f(z) of degree n with
respect to real number «. Regarding the distribution of zeros of f(z), Enestrom and Kakeya [5, 11],
given the following result.

Theorem 1.1. Let f(2) = X, k;z' be the nt"* degree polynomial with real coefficients such that for some
0<ky<k;<k,<: <k, 1<k, Thenall zeros of f (z) liein |z] < 1.

Regarding the multiplicity of zeros of f(z), Aziz and Mohammad in [1] proved the following result Theorem
1.2. Let f(2) = Y™, k;z' be the nt"* degree polynomial with real coefficients such that for some 0 < k, <
ki <k, <--<k,_1 =<k, Then all zeros of f(z) of modulus greater than or equal to ﬁ are simple.

Gulzar, Zargar, Akhter in [9] are extended the above results to the polar derivatives, in [2, 3, 4, 6, 10]
there exist some generalizations and extensions of Enestrom Kakeya theorems, in this article also f(z) is
the polynomial of degree n with real coefficients and b, denotes the coefficient of differentiation of polar
derivative (t — D[tak, + (n— (t —1))k,—4] for t = 2,3,4,...,n and ¢, denotes (t — 1)[(n — (t — 1))k;—4] for
t=234,..,n
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2. MAIN RESULTS

Theorem 2.1. Let f(z) = ¥, k;z' be the nt* degree polynomial, let a be real number,
s = 1,mn = 0 such that for some

by < by_q <+ < bppy S Sby =byq == by = by, — 1.
Then all zeros of D, f(z) which does not lie in

—b, + Sby, + 25(|by| — by) — by + |by| + 27
| by |
are simple. Where b, = (t — 1)[tak, + (n — (t — 1))k,_,] fort =234, ..,n
Corollary 2.1. Let f(z) = ¥, k;z" be the n** degree polynomial, let & be real number,s > 1, = 0 such that
for some

|z| <

O<bnSbn_1S"'Sbm+1SSbm2bm_12”'2 b32 bz_n>0
Then all zeros of D.f(z) which does not lie in
—b, + sb,, + 27
| b
are simple. Where b, = (¢t — D[tak, + (n — (t — 1))k,_,] fort =2,3,4,..,n
Corollary 2.2. Let f(z) = ¥ ,k;z' be the n®* degree polynomial, let & be real number, such that for

|z| <

some
bn S bn—l S ce S bm+1 S bm 2 bm—l 2 A 2 b3 2 bz.
Then all zeros of D,f(2) which does not lie in
_bn + Zlbml_bm + |b2| G bz
|z| <
| by

are simple. Where b, = (t — D[tak, + (n — (t — 1))k,_,] fort =234,..,n
Corollary 2.3. Let f(z) = ¥, k;z' be the n®* degree polynomial, let @ be real number, such that for

some
0<b,<by1 <+ <bhpyy <by=bp_q=-=by= b,>0.
Then all zeros of D,f(z) which does not lie in
12| —b, + b,
Z < —=
| b

are simple. Where b, = (t — D[tak; + (n — (t = 1))k,_,] fort =234,..,n
Corollary 2.4. Let f(z) = X , k;z* be the nt"* degree polynomial, let a be real number
,$ = 1,m = 0 such that for some
n<Ch 1< "< Cmi1SSCp=2Cpq=""=C=C—M.
Then all zeros of D.f(z) which does not lie in
—cp + 2s(cpm + lem|) — 2¢, + |c2] — c5 + 21
|cnl
are simple. Where ¢, = (t = D[(n — (t — 1))k;4] fort =234, ..,n
Corollary 2.5. Let f(z) = ¥, k;z* be the nt"* degree polynomial, let a be real number
,$ = 1,m = 0 such that for some
0<cp<cp 1< <1 SSCR=Cpq == 032 Cc,—n>0.
Then all zeros of D.f(z) which does not lie in
—Cp t 2|Cm|_cm + |CZ| —C
|cnl
are simple. Where ¢, = (t — D)[(n — (¢ — 1))k,4]| fort =2,34,..,n
Corollary 2.6. Let f(z) = ¥ , k;z* be the nt"* degree polynomial, let a be real number,
s > 1,m = 0 such that for some
Cn<Cp 1< <1 SCp=Cpq == C3 = Cy.
Then all zZeros of D.f(z) which does not lie in
—Cp + Zlcml_cm + |C2| — G

|cnl
are simple. Where ¢, = (t = D[(n — (t — 1))k,_4] fort =2,34,..,n

|z] <

|z] <

|z| <
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Corollary 2.7. Let f(z) = ¥, k;z* be the nt"* degree polynomial, let a be real number,
s = 1,n = 0 such that for some
0<cp<cp 1S <1< =Cp1==c3=cp>0.

Then all Zeros of D,f(2) which does not lie
|z| < —cn—-l-cm
|cnl
are simple. Where ¢, = (t = D[(n — (t — 1))k,4] fort =2,34,..,n
Remark 2.1.
(1) Theorem 2.1 reduces to Corollary 2.1 if b; = 0
(2) Theorem 2.1 reduces to Corollary 2.2ifs =1,1n=0
(3) Theorem 2.1 reduces to Corollary 2.3 if b = 0ands = 1,1 =0
(4) Theorem 2.1 reduces to Corollary 2.4 if a =0
(5) Theorem 2.1 reduces to Corollary 2.5ifc; = 0and a =0
(6) Theorem 2.1 reduces to Corollary2.6if a=0ands=1,1=0
(7) Theorem 2.1 reduces to Corollary 2.7if s=1,n1=0,c;=0and a =0
Theorem 2.2. Let f(z) = ¥, k;z' be the nt* degree polynomial, let a be real number,
0 <r <1,m =0 Such that for some
T'bn < bn—l < .- < bm+1 < bm +T] = bm—l = 2 b3 > bz.
Then all zeros of D.f(2) which does not lie
2] < |bn| + 2by + |by| — 7(by + |byl) — by +4m
[ | b
are simple. Where b, = (t — D[tak, + (n — (t — 1))k,_,] fort =234, ..,n
Corollary 2.8. Let f(z) = ¥, k;z* be the n** degree polynomial, let a be real number,
0 <r <1,m =0 Such that for some
0<71h,<by 1<+ <bp1<by+nN=by_ 4= = by= b,>0.
Then all zeros of D,f(2) which does not lie
(1-2r)b, + 2b,, + 47
|z| <
| b
are simple. Where b, = (t — D[tak, + (n — (t — 1))k,_,] fort =234,..,n
Corollary 2.9. Let f(2) = X, k;z* be the n" degree polynomial, let a be real number,
Such that for some
le < bn—l =) coo 5 bm+1 < bm > bm_1 == b3 = bz.
Then all zeros of D.f(2) which does not lie
2b b,| —b,—b
|Z| < m +| 2| n 2
| b
are simple. Where b, = (t — D[tak, + (n — (t — 1))k,_,] fort =2,34,..,n
Corollary 2.10. Let f(2) = X, k;z* be the n" degree polynomial, let « be real number,
Such that for some
0<bngbn_1S"'Sbm+1Sbm2bm_12'“2 b32 b2>0
Then all zeros of D,f(z) which does not lie
2b, — b
|z| < —_m n
bl
are simple. Where b, = (t — D[tak, + (n — (t — 1))k,_,] fort =2,34,..,n
Corollary 2.11. Let f(2) = X, k;z* be the nt" degree polynomial, let « be real number,
0 <r <1,m =0 Such that for some
TCh <1 S S 1S CptN=cCpq1 =2 €3 2 Cy.
Then all Zeros of D,f(2) which does not lie
lcnl + 2¢m + lcal = 7(cp + lcp|) — ¢z + 4
|lz| <
|cnl
are simple. Where ¢, = (t = D[(n — (t = 1))k,_4] fort =234,..,n
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Corollary 2.12. Let f(z) = Y™, k;z* be the n*"* degree polynomial, let a be real number,
0 <r <1,m =0 Such that for some
O0<repy<cp 1< <1 <cptnN=cp1=-=c3=c, >0.

Then all Zeros of D,f(2) which does not lie in
(1-2r)c, + 2¢,, + 47

|cnl
are simple. Where ¢, = (t — D[(n — (¢ — 1))k,_4] fort =234, ...,n
Corollary 2.13. Let f(2) = X, k;z* be the nt" degree polynomial, let « be real number,
Such that for some

|z] <

a
2
IA
a
3
A
A

S o<1 SCp=Cpe1 =" = C3 = Cy.
Then all zeros of D.f(z) which does not lie in
2Cm + |C2| —Ch—C
lcnl
are simple. Where ¢, = (t — 1)[(n — (¢t — 1))k,_4] fort =234,..,n
Corollary 2.14. Let f(z) = X%, k;z' be the n** degree polynomial, let a be real number,
Such that for some

|z| <

0<cpn<cp 1< "SCm1SCm=Cp1="=0c3=Cc,>0.

Then all zeros of D.f(z) which does not lie in
2Cm — Cp
|z| £ ———
|cnl
are simple. Where ¢, = (t — D[(n — (¢ — 1))k,4] fort =2,34,...,n
Remark 2.2.

(1) Theorem 2.2 reduces to Corollary 2.8 if b; = 0

(2) Theorem 2.2 reduces to Corollary 2.9 ifr =1,1=0

(3) Theorem 2.2 reduces to Corollary 2.10if by = 0andr = 1,1 =0

(4) Theorem 2.2 reduces to Corollary 2.11if a =0

(5) Theorem 2.2 reduces to Corollary 2.12 ifc; = 0and a =0

(6) Theorem 2.2 reduces to Corollary 2.13if a=0andr=1,n1=0

(7) Theorem 2.2 reduces to Corollary 2.14if r=1,n=0,¢;=0and a =0
Theorem 2.3. Let f(z) = ¥, k;z' be the nt* degree polynomial, let & be real number,

r>1,0 <n <1 Such that for some

bn > bn—l = - bm+1 > Tbm < bm_1 < <Z b3 < bz +n
Then all zeros of D, f(2) which does not lie in
2] < by + 2|bp| — 2r(byy + |by|) + 1Dz + by + 21
- | b

are simple. Where b, = (t — D[tak, + (n — (t — 1))k,_,] fort =2,34,..,n
Corollary 2.15. Let f(z) = Y, k;z* be the n*"* degree polynomial, let a be real number,

r > 1,0 <n <1 Such that for some

0<b,=b, 1= 2bp1 27by <by_ 4 << by< b,+1>0.
Then all Zeros of D,f(2) which does not lie in
b, +2(1—2r)b,, + 2b, + 21
n

are simple. Where b, = (t — D[tak, + (n — (t — 1))k,_4] fort =2,34,..,n

Corollary 2.16. Let f(z) = Y, k;z* be the n*"* degree polynomial, let a be real number,
Such that for some

by =bp_ 1= =byiq =by < by 4 << by < b,
Then all zZeros of D.f(z) which does not lie in
b, — 2b,, + |b,| + b,
| by
are simple. Where b, = (t — D[tak, + (n — (t — 1))k,_,] fort =2,34,..,n
Corollary 2.17. Let f(z) = Y%, k;z* be the n*"* degree e polynomial, let a be real number,

|z| <
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Such that for some
0<bn2bn_12"'2bm+12bmem_1S"'S b3S b2>0

Then all Zeros of D,f(2) which does not lie
2] < b, — 2b,, + 2b,
| b
are simple. Where b, = (t — D[tak, + (n — (t — 1))k,_,] fort =234, ..,n
Corollary 2.18. Let f(z) = Y , k;z* be the n** degree polynomial, let a be real number,
r>1,0 <n <1 Such that for some
CnZ2Cp1 2 Z2Ci1 2T <1 < <3< ¢ +1.
Then all Zeros of D,f(2) which does not lie
2] < Cn+ 2|lcm| — 2r(cy + lepml) + lca] + ¢ + 21
B |cnl
are simple. Where ¢, = (t — D[(n — (¢ — 1))k,4] fort =2,34,...,n
Corollary 2.19. Let f(z) = Y, k;z* be the n*"* degree polynomial, let a be real number,
r>1,0 <n <1 Such that for some
0<cpZz2cp1Z2 21T <Cp-1 << 3= ¢c;+1n>0.
Then all zeros of D,f(2) which does not lie
cn+2(1 —2r)cy, + 2¢, + 21
|z| <
|cnl
are simple. Where ¢, = (t = D[(n — (t — 1))k,_4] fort =23,4,..,n
Corollary 2.20. Let f(z) = Y, k;z* be the n** degree polynomial, let a be real number,
Such that for some
Cn Z2Cp1 =" Z2Cp1 =2 Cp S Cp—q < < 03 < 0.
Then all zeros of D,f(2) which does not lie
2] < Cn— 2Cm + 2| + ¢
|cnl
are simple. Where ¢, = (t = D[(n — (t — 1))k;4] fort =234, ..,n
Corollary 2.21. Let f(z) = Y, k;z* be the n*"* degree polynomial, let a be real number,
Such that for some
O0<cp=zcp 1z "Z2Cmi1ZCm<Cp1<<c3< ¢, >0.
Then all zeros of D,f(2) which does not lie
12| < Cp — 2Cm + 2c,
- |cnl
are simple. Where ¢, = (t = D[(n — (t — 1))k;4] fort =234,..,n
Remark 2.3.
(1) Theorem 2.3 reduces to Corollary 2.15if b; = 0
(2) Theorem 2.3 reduces to Corollary 2.16 if r = 1,1 =10
(3) Theorem 2.3 reduces to Corollary 2.17 if b; = 0andr = 1,1 =0
(4) Theorem 2.3 reduces to Corollary 2.18 if a =0
(5) Theorem 2.3 reduces to Corollary 2.19 if c; > 0 and a =0
(6) Theorem 2.3 reduces to Corollary 2.20if a=0andr=1,1=0
(7) Theorem 2.3 reduces to Corollary 2.21if r=1,n=0,¢;=0and a =0
Theorem 2.3. Let f(z) = ¥, k;z' be the nt"* degree polynomial, let a be real number,
s > 1,m>1 Such that for some
Shy = by_1 = 2bpi1 2by—N<bpy_y << b3 < b,.
Then all zeros of D,f(z) which does not lie
2] < S(by + |bn|)=|bn| = 2by, + |b| + by + 4m
B | b
are simple. Where b, = (t — D[tak, + (n — (t — 1))k,_,] fort =2,34,..,n
Corollary 2.22. Let f(z) = Y, k;z* be the n*" degree polynomial, let « be real number,
s > 1,m > 1 Such that for some
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0<Sbn2bn_12"'2bm+12bm_nSbm_:lS"'S b3S b2>0

Then all Zeros of D,f(2) which does not lie
2] < (2s = 1)b, — 2b,,, + 2b, + 47
z
h | b
are simple. Where b, = (t — D[tak, + (n — (t — 1))k,_4] fort =2,34,..,n
Corollary 2.23. Let f(2) = X", k;z* be the n*" degree polynomial, let « be real number,
s > 1,m > 1 Such that for some
bn 2 bn—l 2 2 bm+1 2 bm S bm—l S S b3 S bz.
Then all zeros of D.f(2) which does not lie
Z
B | b
are simple. Where b, = (t — D[tak, + (n — (t — 1))k,_,] fort =234, ..,n
Corollary 2.24. Let f(2) = Y™, k;z' be the n** degree polynomial, let « be real number,
s > 1,m > 1 Such that for some
0<bn2bn_12me+12bmgbm_1SSb3Sb2>0 )
Then all zeros of D.f(2) which does not lie
| |<bn—me+2b2
z
N | b
are simple. Where b, = (t — D[tak, + (n — (t — 1))k,_] fort =234,..,n
Corollary 2.25. Let f(z) = ¥, k;z' be the n'* degree polynomial, let a be real number,
s > 1,m > 1 Such that for some
SCRZ2Cr1 =" Z2Ci1 Z2Cm —NSCp-1 < * < 3= Gy
Then all zeros of D.f(2) which does not lie
|z < S(Cn + |Cn|)_|cn| — 20y + |CZ| + ¢y +4n
B |cnl
are simple. Where ¢, = (t = D[(n — (t — 1))k;4] fort =234,...,n
Corollary 2.26. Let f(z) = Y™, k;z* be the n®" degree polynomial, let « be real number,
s > 1,m > 1 Such that for some
0<scp,=z2cp 12 Z2Cpi1Z2Cn—MS<Cp_1 << c3<5¢,>0.
Then all zeros of D,f(2) which does not lie
| |<(25—1)Cn—26m+2C2+4‘r]
Z
A |cnl
are simple. Where ¢, = (t — D[(n — (¢ — 1))k;4] fort =2,34,...,n
Corollary 2.27. Let f(2) = Y™, k;z* be the n*" degree polynomial, let a be real number,
s > 1,m>1 Such that for some
ChZCp1 2" Z2Cni1 2 < Cp-1 << 3 =< ¢y,
Then all zeros of D,f(z) which does not lie
o <Cn—2Cm+|C2|+C2
Z
- |cnl
are simple. Where ¢, = (t = D[(n — (t = 1))k,_4] fort =234,...,n
Corollary 2.28. Let f(2) = Y™, k;z* be the n®" degree polynomial, let « be real number,
s > 1,m > 1 Such that for some
O0<cp=z2cp 1221 ZCm<Cp1 << 3= ¢, >0.
Then all Zeros of D.f(2) which does not lie
12| <Cn—2Cm+2C2
Z
B |cnl
are simple. Where ¢, = (t = D[(n — (t = 1))k,_4] fort =234,..,n
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Remark 2.1.
(1) Theorem 2.4 reduces to Corollary 2.22 if b; = 0
(2) Theorem 2.4 reduces to Corollary 2.23if s =1,1=0
(3) Theorem 2.4 reduces to Corollary 2.24 if by = 0and s = 1,1 =0
(4) Theorem 2.4 reduces to Corollary 2.25if a =0
(5) Theorem 2.4 reduces to Corollary 2.26 if c; = 0and a =0
(6) Theorem 2.4 reduces to Corollary 2.27if a=0ands=1,1n1=0
(7) Theorem 2.4 reduces to Corollary 2.28if s=1,n1=0,c;=0and a =0

3. Proofs of the Theorems

Proof of the Theorem 2.1.
Let f(z) =ky+kiz+kyz> +--+ k,z* be the n™ degree polynomial with real coefficients. By
definition of polar derivative, we have D,f(z) = nf(z) + (a — 2)f'(2)
Therefore D, f(z) = nf(z) + af'(z) — zf'(2)
Dof(z2) =n(ky + kiz + kyz? + -+ kpz™) + a(ky + kyz + kyz? + -+ kpz™)’
—z(ko + kqz + kyz? + -+ kpz™)’
Dof (z) = n(ko + k1z 4 kpz? + -+ kpz") + a(ky + 2koz + -+ 2 k2" 1) — z(ky + 2kpz + - + 2 k2™ 1)
Dof (2) = [naky, + (n— (n — 1)kp1]2" 1 + [(n — Dakp—1 + (n — (0 — 2))kp2]2" 2 + - + [2aky + (n — Dkqlz
+ [akq + leo]
D/af(Z) = ann_Z + bn_lz"_3 + bn_zzn_4 + -+ b4_Z2 + b3z + by
Where b, = (t — D[tak, + (n — (t — 1))k,_,] fort =2,34,..,n
Now consider g(z) = (1—2z)D f(z), so that
g(z) = (1 —2)(bpyz2" 2+ by 12V 3 + by 2" " + -+ byz® + b3z + by)
g(z) = b, 2"+ (b, = b,_)Z" 2+ (b, | — by )Z" H (b, , = by 3)Z T+t (b, = b)Z" + (b
—by)Z" 2 + -+ (b, — b3)Z" + (b, — by)z + b,

m

Then
- 1
8@ = b, 121" 2[ |2] -

If |z| > 1 then |71I < 1, then we have

8@ = Ib,]I21"2 |12
1

byl

+ [5Dpy + byl +lsby = byl + -+ b = (by =)+ Il + b1}

|bn-1=bn-z| | |Pn-2=bn-3| |bg=bz| , - |ba]
{lbn_bn_1|+ n—1 n2+ n—2 n3++ 3 2+|Z|nz_2}]

|| |z|? |z|"=3

{lbn - bn—ll + |bn—1 - bn—2|+|bn—2 - bn—3| + ot Ibm+2 - bm+1|+|bm+1 - Sbml

> [b,]121" {121

{bn—l —b,+b,y—byy+ -+ bm+1 - bm+2 + Sbm - bm+1 + (S - 1)|bm| + (S

bl
= Dlbyl + 5B = by ot by = (b = 1) + 1+ b1}
1
> [l |20 = o b + by + 251yl = 25y = by 41+ + by
1

> 10,1212 (121 = o (b0 + b + 25(1bm| = ) = by + by | + 20}

|b,|
Hence g (2) > 0 provided |z| > = {=b, + sbp + 25(Ibm| = byn) = by + b | + 2n}
This shows that all zeros of g (z) whose modulus is greater than 1 are lie in
—b, + Sby, + 25(|by| — b)) — by + |by| + 21
| b '
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Since zeros of g(z) whose modulus is less than or equal to 1 are already lie in
—b, + Sby, + 25(|by,| — b)) — by + |by| + 27
| by

|z] <

it follows that all zeros of g(z) lie in
—b, + Sby, + 25(|byy| — by) — by + |by| + 27
| by '
Since all zeros of g(z) are also the zeros of D',f(z). Therefore all zeros of D', f(z) lie in
—b, + Sby, + 25(|byy| — by) — by + |by| + 27
| by '
In other words all zeros of b, f(z) which does not lie in
—b, + Sbhy, + 25(|by| — b)) — by + |by| + 27
| by
are simple. Where b, = (t — D[tak, + (n — (t = 1))k,_,| fort =23,4,..,n
Proof of the Theorem 2.2.
Let f(z) =ko+kiz+kyz> +-+ k,z" be the n® degree polynomial with real coefficients. By
definition of polar derivative, we have D,f(z) = nf(z) + (a — 2)f'(2)
Therefore D, f(2) = nf(z) + af'(z) — zf'(2)
Dof(z2) =n(ky + kiz + kpz? + -+ kpz™) + a(ky + kyz + kyz? + -+ kpz™)’
—z(ko + kiz + kyz% + - + kpz™)’
Dof (z) = n(ko + k1z + kpz? + -+ kpz") + a(ky + 2koz + -+ + 2 k2™ 1) — z(ky + 2kpz + - + 2 k2™ 1)
Dof (2) = [nak, + (n— (n — 1)kp1]2" 1 + [(n — Dakp—1 + (n — (0 — 2))kp2]2" 2 + - + [2aky + (n — Dkqlz
+ [ak1 + nko]
D/af(Z) = ann—Z + bn_lZn_3 + bn_zzn_4 + -+ b4_Z2 + b3z + by
Where b, = (t — D[tak, + (n — (t — 1))k,_4] fort =2,34,..,n
Now consider g(z) = (1—2z)D f(z), so that
g(z) = (1 =2)(bpy2" 2 + by 12V 3 + by_p2" " + -+ byz® + b3z + by)
g8(z) = -b2" '+ (b, — b, )" P+ (b _, —b, )"+ (b, _, — b, 3)Z" + 4 (b
— b,y )Z" 2 + 4 (b, — b3)Z" + (b, — by)z + b,

|z] <

|z| <

|z] <

b,)z™ ' + (b

m+1 - m

Then
_ 1
8@ = |b, 121" 2[ |2] =

If |z| > 1 then é < 1, then we have

— 1
8@ 2 b 121" [ 2] = = {lby = rbu| + 17by = bus |+ -+ [brnsz = bnsa [+ |y = (b + )] + Il +

|bi +M = b1 + M.+ Ilis = by| + |by| }]
8@ = |b,l12I""?[ |z] = == {Ibu| + 2byn + |b2| = 7(by + [by]) — b + 40}

|6,
Hence |g(z)| > 0 provided

{lbn _ bn—ll + |bp—1—bn_3| + |bp—2—bn_3| +ot |b3—b,| + |b2] }]

|| |z|? lz|"=3 |z

|bn| + 2by, + |ba| — (b + |byl) — by + 41
|z| > b
n
This shows that all zeros of g (z) whose modulus is greater than 1 are lie in
2| < |onl + 2bm 102l = 7By + 1bn]) = by + 4
B | b

Since zeros of g(z) whose modulus is less than or equal to 1 are already lie in
2] < |bn| + 2by + |by| — 7(by + |byl) — by +4m

| b
it follows that all zeros of g(z) lie in
2] < |bu| + 2bm + |by| = 7(by + |by]) — by + 4m
— | b
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Since all zeros of g(z) are also the zeros of D',f(z). Therefore all zeros of D', f(z) lie in
|b,| + 2b,, + |by| — (by, + |by|) — by + 47
2| < X
In other words all zeros of b, f(z) which does not lie in

|bn| + 2by, + |by| — r(by, + |by]) — by + 47
|z| <
| by |

are simple. Where b, = (t — D[tak, + (n — (t — 1))k,_,] fort =234,.
Proof of the Theorem 2.3.
Let f(z) =ky+kiz+kyz> +--+ k,z be then"™ degree polynomial with real coefficients. By
definition of polar derivative, we have D,f(z) = nf(z) + (a — 2)f'(2)
Therefore D,f(z) = nf(z) + af'(z) — zf'(2)
Dof(z2) =n(ky + kiz + kpz? + -+ kpz™) + a(ky + kiz + kyz? + -+ kpz™)'

—z(ko + kiz + kyz? + -+ kpz™)’
Dof (z) = n(ko + k1z 4 koz? + -+ kpz") + a(ky + 2koz + -+ 2 k2" 1) — z(ky + 2kpz + - + 2 k2™ 1)
Dof (2) = [naky, + (n— (n — 1)kp1]2" 1 + [(n — Dakp—1 + (n — (0 — 2))kp2]2"2 + -+ [2aky + (n — Dkqlz

+ [k + leo]
D/af(Z) = ann—Z + bn_lZn_3 + bn_zzn_4 + -+ b4_Z2 + b3z + by
Where b, = (t — D[tak, + (n — (t — 1))k,_4] fort =2,34,..,n
Now consider g(z) = (1—2z)D f(z), so that
g(z) = (1—=2)((bpy2" 2+ by 12V 3 + by_p2" " + -+ byz® + b3z + by)
g(z) = b, 2" ' + (b, = b,_)Z" 2 + (b, | — by )Z" H (b, , = by 3)Z" e+ (b, —b)Z" T+ (b

— by )Z" 4 -+ (b, — b3)Z’ + (b, — b))z + b,

m

Then

_ 1 |bp—1=bn-2| . |bn—2—bn_3l |b b| Do
|g(Z)|>|b ||Z|n 2[|Z|__{|b - TL1|+ nllzlnz + n|22|2n3 + + |3|n§ |Z|nzz}]

If |z| > 1 then ﬁ < 1, then we have

|g(Z)| 2 |bn||Z|n 2[ |Z| |b |{|b bnl + et |bm+2 - bm+1|+|bm+1 - rbml + |rbm _bml + |bm _rbml +
|7by = byy| + -+ |bg — (b + M)| + n| + |b2] }]

1
lg@)| = |b,|lz|"2[ |z] - m{bn + 2|by| = 2r(byy + |bm|) + [ba| + by + 2n}]

Hence |g(z)| > 0 provided

2> by, + 2|by,| — 2r(by, + |by|) + |bo| + by + 27
Z
| by |
This shows that all zeros of g (z) whose modulus is greater than 1 are lie in
2] < b, + 2|by,| — 2r(by, + |by|) + |b2| + by + 21
Z
by

Since zeros of g(z) whose modulus is less than or equal to 1 are already lie in
7] < by + 2|by| = 2r(by, + |by|) + |b2| + by + 21
Z

| by |
it follows that all zeros of g(z) lie in
7] < by + 2|by| = 2r(by, + |by|) + |bz| + by + 21
Z
| by |
Since all zeros of g(z) are also the zeros of D',f(z). Therefore all zeros of D', f(z) lie in
by + 2|by| — 2r(bp, + by |) + |by| + by + 27
|z| < X
In other words all zeros of b, f(z) which does not lie in
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2] < b, + 2|by,| — 2r(by, + |by|) + |b2| + by + 21
B | by |
are simple. Where b, = (t — 1)[tak, + (n — (t — 1))k,_4] fort =2,34,..,n
Proof of the Theorem 2.4,
Let f(z) =ko+kyz+kyz> +-+ k,z" be the n® degree polynomial with real coefficients. By
definition of polar derivative, we have D,f(z) = nf(z) + (a — 2)f'(2)
Therefore D,f(z) = nf(z) + af'(z) — zf'(2)
Dof (2) =n(ky + kiz + kyz? + -+ kpz™) + a(kg + kyz + kyz? + -+ kpz™)’
—z(ko + kiz + kyz? + -+ kpz™)’
Dof (2) = n(ko + k1z + kpz? + -+ knz™) + a(ky + 2kpz + -+ + 2 kyz"™ 1) — z(ky + 2koz + - + 2 k2" 1)
Dof(2) = [naky, + (n— (n — 1)kp1]2" 1 + [(n — Dakp—1 + (n — (0 — 2))kp—2]2"2 + -+ [2aky + (n — Dkqlz
+ [ak1 + nko]
D o f(2) = bpz"% + by_172""3 + by_pZ"* + -+ byz? + b3z + by
Where b, = (t — D[tak, + (n — (t — 1))k,_,] fort =234,..,n
Now consider g(z) = (1 —z)D f(z), so that
g(z) = (1—2z)(byz2" 2+ by 12V 3 + by 2" * + -+ byz® + b3z + by)
g(z) =-b,2" '+ (b, —b, )" P+ (b _ —b, )7+ (b, _, —b, )2+ 4 (b
— by )Z" 2+ -+ (b, — b3)z” + (b, — b))z + b,

b,)z™ ' + (b

m+1 - m

Then
_ 1
8@ = [b )|z 2] = -

If |z| > 1 then I?ll < 1, then we have
1

8@ = [ba]|2I""*[1z] = = {16y = sbul + lsb, = by + - + by = (b =M+ I] + [by =1 =
b1l + Il + -+ + |b3 = b,| + |b2| }]

1
8| = |b,]Iz|" 2 |z] — ™ {s(bn + |bu)=|bn| = 2bm + |b| + by + 4n}]

{lbn _ bn—ll + |bpn—1—bn—2| + |bp—2—bpn—_3| ot |bz—by| " |by| }]

|z| |z|? lz|m=3  |z|n?

Hence |g(z)| > O provided

S(bn + |bn|)=|bn| — 2bm + |by| + b, + 41
|z| > b
n
This shows that all zeros of g (z) whose modulus is greater than 1 are lie in
2] < S(bn + |bn|)=|bn| = 2bym + by + by +4m
B | b

Since zeros of g(z) whose modulus is less than or equal to 1 are already lie in
2] < S(bn + |bn|)=|bn| = 2bm + |by| + by + 41

| b
it follows that all zeros of g(z) lie in
2] < S(bn + |bn|)=|bn| = 2byy + |by| + by + 4
B by
Since all zeros of g(z) are also the zeros of D',f(z). Therefore all zeros of D', f(z) lie in
2] < S(bn + |bn|)=|bn| = 2bm + |by| + by + 41
B | b
In other words all zeros of b, f(z) which does not lie in

2] < S(bn + |bp|)—|by| — 2by + |by| + by + 47
- | by |
are simple. Where b, = (¢t — 1)[tak, + (n — (¢ = 1))k,_,| fort =23,4,..,n
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